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Abstract 

In this paper we further develop the method of quaternion typi- 
fication of Chfford algebra elements suggested by the author in the 
previous paper. On the basis of new classification of Clifford algebra 
elements it is possible to find out and prove a number of new properties 
of Clifford algebra. We use k-fold commutators and anticommutators. 
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In this paper we develop the method of quaternion typification of Clifford 
algebra elements. This method was suggested in [5]. On the basis of nev^^ 
classification of Clifford algebra elements it is possible to find out and prove 
a number of nev^^ properties of Clifford algebra. In our v^ork v^^e use k-fold 



commutators and anticommutators. We develop results of [5] and use results 
of [3] and m. 

In the first section we shortly remind basics of the method of quaternion 
typification of Clifford algebra elements [5]. 

1 Main ideas of the method of quaternion typ- 
ification of Clifford algebra elements 

Let p, q be nonnegative integer numbers and p + g = n, n>l. Consider the 
real Clifford algebra C£^{p, q) or the complex Clifford algebra CE'^{p, q). In the 
case when results are true for both cases, we write Ci{p, q). The construction 
of Clifford algebra Ci{p,q) is discussed in details in [2] or [3]. Let e be the 
identity element and let e", a = 1, . . . , n be generators of the Clifford algebra 
a{p,q), 

where rj = \\'r]°'^\ \ is the diagonal matrix with p pieces of +1 and q pieces of 
— 1 on the diagonal. Elements 

gai...afc ^ _ _ ^ Oi < . . . < ttfc, = 1, . . . , n, 

together with the identity element e, form the basis of the Clifford algebra. 
The number of basis elements is equal to 2". 

We denote by Clkip, q) the vector spaces that span over the basis elements 
gai...afc Elements of Ctk{p,q) are said to be elements of rank k. We have the 
following classification of Clifford algebra elements based on the notion of 
rank: 

(3'(p,9) = ©Lo^fc(p,g). (1) 

k k 

Sometimes we denote elements of rank k by Wj V, ■ ■ ■ ■ 

Also we have classification of Clifford algebra elements based on the notion 
of evenness: 

(I{p, q) = deveniP, q) ® C£odd{P, q) , (2) 

where 

a 

even 

{p, q) = ao{p, q) © a2{p, q) © a^ip, g) © . . . 
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Ctoddip, q) = CEiip, q) © asip, q) © a^ip, q) ® ■ ■ ■ 

Denote by [U, V] the commutator and by {U, V} the anticommutator of 
Clifford algebra elements U,V & Ct{p, q) 

[U,V] = UV-VU, {U,V} = UV + VU (3) 

and note that 

UV^^[U,V] + ^-{U,V}. (4) 

Consider the Clifford algebra as the vector space and represent it in the 
form of the direct sum of four subspaces: 

a{p, q) = ^0 (p, q) © aj{p, q) © ^^(p, q) © a^{p, g) , (5) 

where 

a^{p,q) = ao{p,q)(Ba,{p,q)(Basip,q)(B..., 
aj{p,q) = ai{p,q)®a^{p,q)®a^{pA)® 
a^ip,q) = a2{p,q)®aG{p,q)®aio{p,q)® 
a^{p,q) = a^{p,q)®a7{p,q)®ai^{p,q)®... 

and in the right hand parts there are direct sums of subspaces with dimen- 
sions differ on 4. We suppose that Cikip, q) — tor k > p + q. 

k 

If C/e C£-j^{p, q), then we have 

k k fe+4 fc+8 

U + U + ■■■, 0,1,2,3. 

We use the following notations: 

aj^iip, q) = a^{p, q) © aj{p, q), 0<k<l<3. 

C^ki^iP, Q) = Cikip, q) ® Cijip, q) © a^{p, q), 0<k<l<m<3. 

kl 

If C/eG?^(p,g), then 

Tl k 'l k I fe+4 l+A 

U^U+U^{U+U) + {U + U) + ..., Q<k<l<3. 
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Consider elements of the Clifford algebra Cl?(p, q) from different subspaces 

C^o{p,<l), Ci-{p,q), CX2{p,q), Ce^{p,q), a-^{p,q), a^^ip^q), 

C^miP^^l)^ C^uiP^Q)^ (^n{p,(l), G?23(p,g), CimiP^Q)^ (6) 
0?oT3 (P> Q) , CitmiP, l) > <^T23 (P> Q) > Cf'omiP^ Q) = Ci{p, q) ■ 

Then we say that these elements have different quaternion types (or types). 

Elements of subspaces C£q{p, q), Cijip, q), (^2(^1 Q)^ ^siPi 1) called ele- 
ments of the main quaternion types. Elements of other types are represented 
in the form of sums of elements of the main quaternion types. Suppose that 
the zero element of the Clifford algebra CI{p, q) belongs to any quaternion 
type. 

The classification of elements of the Clifford algebra Ci{p, q) (for all integer 
nonnegative numbers p + g = n) on 15 quaternion types (see (l6|)) and use 
statements of Theorem 1 (see [5]) for calculations of quaternion types of 
commutators and anticommutators of Clifford algebra elements is the essence 
of the method of quaternion typification of Clifford algebra elements. 

Sometimes we denote subspace C?^(p, q) by k and any Clifford algebra 

k _ _ _ 

element U& Ci^{p,q) by k. When we write "quaternion type A;" we mean 
hj k a symbol of quaternion type (not an Clifford algebra element). Then 
[k, I] C m means that commutator of any two Clifford algebra elements of 
quaternion types k and I belongs to subspace m = Cimip, q)- And [k,l] = fn 
means that for any two Clifford algebra elements of quaternion types k ml 
there exists a Clifford algebra element of quaternion type fn and it equals to 
commutator. 

Statements of the Theorem 1 (see [5j) are equivalent to the following 
properties: 

~k 2 

[U,V]=W, k = 0,1,2,3; 
[U,V]=W, A; = 0,1, 2, 3; 

0T3 03 T T3 

[U, V] =W, [U, V] =W, [U, V] =W ■ 
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k k 

{U,V}=W, A; = 0,1, 2, 3; 
{U,V}=W, k = 0,1,2,3; 

12 3 T3 2 23 T 

{u,v}^w, {u,v}^w, {u,v}^w. 

Let's write down these and similar expressions in the other notation: 

[k,k]C2, k = 0,1,2,3; 

[k,2\Ck, k = 0,1,2,3; (7) 
[0,1] C 3, [0,3] CT, [T,3]C0, 

{EfcjCO, A; = 0,1,2,3; 

{■^,0}Ck, A; = 0,1,2,3; (8) 
{1,2} C 3, {T,3}C2, {2,3} cT. 



The following tables display action of commutator, anticommutator and 
Clifford product of elements of the Clifford algebra of different quaternion 
types. By A denote the Clifford algebra Ci{p, q) — Ci?oi23(P) o)- 
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2 Threefold commutators and anticommuta- 
tors 



Let's define threefold commutator and threefold anticommutator of three ele- 
ments U, V, W of Clifford algebra Ct{p, q): 

[U, V, W] = UVW - WVU, (9) 
{U, V, W} = UVW + WVU. 

Using (l3|), we get 

[[U, V],W] = UVW - VUW - WUV + WVU = {U, V, W} - {V, U, W}, 
{{U, V}, W} = UVW + VUW + WUV + WVU = {U, V, W} + {V, U, W}, 
{[U, V],W} = UVW - VUW + WUV - WVU = [U, V, W] - [V, U, W], 
[{U, V}, W] = UVW + VUW - WUV - WVU = [U, V, W] + [V, U, W], 



[U,V,W] =^({[U,V],W} + [{U,V},W]), 

{U,V,W} =^([[U,V],W] + mV},W}), (10) 
UVW = V],W] + {{U, V},W} + [{U, V},W] + {[U, V],W}) = 
= ^{[U,V,W] + {U,V,W}). 

Theorem 1. a) For elements U,V,W G Ci{p,q) of the given quaternion 
types k, I, m (from the set 0,1,2,3,01,..., 0123 ) the following elements 

k I m k I m k I m 

[[U,V],W], {{U,V},W}, {U,V,W} (11) 



have the same quaternion type r (from the set 0, 1, 2, 3, 01, ... , 0123J, i.e. in 
the other notation we have 



[[k,l],m],{{kj},m}, {kj,m} Cr. (12) 

k I fn 

Besides, quaternion type does not depend on transposition of U, V, W in 
m^(orkJ,fn in (Q^j. 
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b) For elements U,V,W G Ci{p, q) of the given quaternion types k, I, m (from 
the set 0, 1, 2, 3, 01, ... , 0123J the following elements 

k I m k I m k I m 

{[U,V],W}, [{U,V},W], [U,V,W] (13) 
have the same quaternion type f (from the set 0, 1, 2, 3, 01, ... , 0123j, i.e. 

{[kJlm}, [{kj},m],[kj,m] Cr. (14) 

k I fn 

Besides, quaternion type does not depend on transposition of U, V, W in 
^3^(orkJ,fn in pM))- 

Proof. Using ([7]) , (ED and considering all variants we get that the following 
expressions 

k I m k I m k I m k I m 

[[U,V],W] and {{U,V},W}, {[U,V],W} and [{U,V},W] 

have the same quaternion type. Further we use (|TOl).B 

Remark. Taking into account the theorem statements, we often speak 
about quaternion types of only two elements 

k I fn k I m 

{u,v,w}, [u,v,w], 

meaning thus as well other four elements considered in the theorem. Besides, 
let's arrange that quaternion types k,l,m - ordered multiindices of length 

k I 

from to 4, because quaternion type does not depend on transposition U, V 

Tn 

, W in the considered threefold commutators and anticommutators. 

Let's write down quaternion types of considered expressions in the case 
of the main quaternion types: 
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3 Formulas for quaternion types of 2-fold and 
3-fold commutators and anticommutators in 
the cases of main quaternion types 

Statements of Theorem 1 can be written down more compactly in the form 
of the following formulas, where k,l,rfi - main quaternion types: 



[k, I, m] 



(f^ -\- 1 -\- ?7t)mod4 number of odd indices among 

k, I and m greater than number of even indices; 

if number of even indices among 



{k + I + m + 2)mod4, ^ ^ greater than number of odd indices. 
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{k, I, m} 



or 



(A; + / + m)mod4, 



if number of odd indices among 

k, I and m greater than number of even indices ; 

if number of even indices among 



' k, I and m greater than number of odd indices 



k I m 

UVW^ 



02, if A; + Z + m - even; 
13, if A; + Z + m - odd. 



[A;,/,m] = (A; + / + m + 1 + (-l)'^^+'="^+''^)mod4, 
(k, I, m} = {k + l + m + 1- (-l)'='+'="^+'™)mod4. 



(15) 



Let's notice that we have similar formulas for 2-fold commutators and anti- 
commutators: 



{kj} 

[k,l] = 



{k + I + 2)mod4, if k and I are odd 
(A; + /)mod4, other cases . 



{k + /)mod4, if k and / are odd; 
(A; + / + 2)mod4, other cases. 

rn/C / 2?' if ^ + ^ - even; 
^ 13, if A; + / - odd. 



or 



[A;,/] = (A; + / + 1 + (-l)fc')mod4, (16) 
(k, 1} = (A; + / + l-(-l)'=')mod4. 

Below we give generalization of these formulas on A;-fold commutators and 
A;-fold anticommutators. 

Further it will be not always convenient to use formulas (fTSl) and (fTGll . 
Therefore, let us consider operations sharp jj, flat b and natural \\ with the 
following properties: 

(0)„ =2, (T)tt = 3, (2)s = 0, (3), = 1, 

(0)b =1, (1)^ = 0, (2)b = 3, (3)b = 2, (17) 

(0)^ =3, (\\=% (2)^=T, (3)^ = 0, 
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Note that 

(A^j)tj = I, {h)b = k, (A^^)[, = k, 

= {k + 2)mod4, k^, = {k^ + 2)mod4, 
h = + (-l)'^)mod4 = {k + 2 - (-l)fc)mod4, 
k^ = (A; - (-l)'^)mod4 = (A; + 2 + (-l)*=)mod4. 

By Theorem 1 and by these formulas, it follows that 

3r : [\kj],m]i,{{kj},m}i,{kj,m}i,{[k,l],m}, [{k~l},m], \k~l,m] C r. 

Let us consider trivial (identity) operation / with the property {k)j = k. 
Then the following properties for operations /, jl, b, t] are fulfilled: 

/o/ = rtoy = bob = ^o^ = /, 

/ott = tto/ = bot] = hob = tt, (18) 
/ob = boJ = tlot] = ^ott = b, 
Jo^ = ^oJ=Hob = bott = ^. 

These properties are similar to the properties of quaternions with respect to 
the operation of composition o. 

Consider 3-fold commutators and anticommutators with 2 given main 
quaternion types. Then we have: 

{0,0, k}, {T,T,'fc}, {2,2, k}, {3,3,'^} Ck, 

{0,2, k}, {T,3,k}Ck^, (19) 

{0,1,^}, {2,3,^} Ckb, 

{0,3, A;}, {T,2,A;}Ck^, 

\0,%k\, [l,3,^]ct^_ 

\0,0,k], [1,1,^], [2,2,A;], [3,3,A;] Ck„, (20) 

[0,3,fc], [T,2,fc]Ck,, 

\0,l,k], [2,3,A;]Ck^. 

For 2-fold commutators and anticommutators we have the following formulas: 

{k,k} CO, {■fc,0}Ck, (21) 
{^,2} Ckft, {^,T}Ck^, {^,3}C^, 
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[k,k\ C 2, [A;,2]Ck, (22) 
[^,0] Ck„, [^,3]Ck^, [^,T]Ck^. 



So, for the main quaternion types we have: 

{iXk}, [o,2,:fc], [T,3,:fc] ck, 
{0,2, {T,3,:fc}cka. 



4 /c-fold commutators and anticommutators 

Let us give definitions for k-fold commutator and k-fold anticommutator of 
k elements Ui,U2, ■ ■ ■ ,Uk of Clifford algebra Ci{p, q): 

[Ui, U2,..., Uk] ^U,U2...Uk-Uk... U2U1; (23) 

{U,,U2,...,Uk}^U,U2...Uk + Uk...U2U,. (24) 

Then 

U,U2 . . . C/fc = ^([C/i, [/2, . . . , C/fc] + {Ui, U2,..., Uk}). (25) 

Theorem 2. For elements Ui, U2, ■ ■ ■ ,Uk £ Ci?(p, g) the following formulas 
are fulfilled: 

2fc-l 

U^U2...Uk =^E4"'' (26) 

2^-2 

[f/i,t^2,...,C/.] =2i^E4"''' (27) 

2*1: — 2 

{U„U2,...,Uk} =^E4"'"' (28) 



2*;- 



wiiere (j from 1 to 2 J - all possible expressions of the form 

{_^Ui,U2),Us),...,Uk), 

k-l 
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where bracket "(" is "[" or "{", ^ - expressions ^, where we have 

odd number of commutators, d^~^ - expressions d^~^ , where we have even 
number of commutators. 

For Clifford algebra elements Ui, U2, ■ ■ ■ ,Uk of given main quaternion types 
oT, 02 , . . . , Ofc ai7 expressions dj~^ have the same quaternion type. This type 
is a type (by ^2T^) of expression [Ui,U2, ■ ■ ■ , Uk] and equals 



[ar,a^, . . . ,a^] = (ai + 02 + . . . + afc + 1 + (-1)^'<^ "'"0mod4. (29) 

For Clifford algebra elements Ui,U2, . . .Uk of given main quaternion types 
01,0^, . . . ,7Tk all expressions d^~^ have the same quaternion type. This type 
is a type (by ^2E)) of expression {Ui, U2, ■ ■ ■ , Uk} and equals 



{W[,a^,...,aj:} = {ai + a2 + ... + ak + l- (-1)^'<^ '''''0mod4. (30) 

For Clifford algebra elements Ui, U2, ■ ■ ■ ,Uk of given main quaternion types 
oT, 02 , . . . , Ofc the following formula is fulfilled: 

^a...Sc(!!- '^S-"'-'™'^ (31) 

13, if 2^ . ^ ttj - odd. 



Proof. We use the method of mathematical induction. Formula f lTOl) is a 
partial case of formulas fl26ll . (l27l) . (|28|1 in case A; = 3. Suppose that formulas 
fl26l) . (l27l) . (l28l) are valid for k > 3. Let us prove the validity of these formulas 
for A; + 1: 

2fc-l 

u,U2 . . . UkUk+1 = ^(5Z d';-')Uk+i = 

i=i 

2^ — 1 '2k — 1 

j=i j=i j=i 

The validity of formulas (i27l l , ( l28ll for A; + 1 follows from 

[Uu U2,..., Uk+i] = ^m, U2,..., Uk], Uk+i} + ^m, U2,..., Uk}, Uk+i], 

{Ui, U2,..., f/fc+i} = lilUi, U2,..., Uk],Uk+i] + ^{{U,, U2,..., Uk}, Uk+i}. 
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Let us prove that all expressions ^ have quaternion type 



(ai + a2 + . . . + ttfc + 1 + (-l)^'<^ "'"0mod4. 

This proves (l29ll . Suppose that it is valid for dj'^"^ . Consider dj^ . This ex- 
pression will be dj'^ = {d'^~^^ , Uk+i} or dj^ = [dj~^ , Uk+i]. Let us calculate 
quaternion types of these 2 expressions using corresponding expressions for 
k = 2: 



k 

1=1 


_l)E,<,a.%)inod4,afc+i} = 




k 

= a; + 1 + 
1=1 




^)mod4 


k+1 

1=1 


(_l)E,xj aiaj -I- 1 — ( — ELi<J!+2afe+i)niod4 = 




k+l 

1=1 


(_l)afc+iEtia;(_l + (1 + (_l)Ef<,a.%)(_l)afc+iEti 


'''))mod4 = 


k+l 

1=1 


(-l)'^fe+iEti'^;(-l + (1 + (-l)J^'<i''«"^)))mod4 = 




k+l 

= {^ai + l + 


(_l)E-^/".aj))inod4; 





1=1 
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k 

1=1 



k 

1=1 




+ ttk+l + 1 


+ (_l)<jfc+i(Eti«'i+i-(-i)^''<^"'"'))mod4 


k+1 

1=1 






ELi '^i+2afe+i^j^od 4 = 


k+1 

1=1 


eLi 


'^'(1 + (1 - 


(_l)E-<,«.%)(_i)a,+iEti»;))mod4 = 


k+1 

1=1 


Ei=i 




(_l)Ef<,«.«.)))inod4 = 


k+1 


r_l)E,<j 


))mod4. 





1=1 



The proof of (EDI) is analogous. Using ((291), ([30]) and ((251), we get (EH). ■ 

Let's write down the statement of Theorem 2 for A; = 4 (A, B,C, D - 
elements of Clifford algebra Ct{p, q j): 

ABCD = ^{[[[A, B],C],D] + [{{A, B}, C}, D] + [[{A, B}, C],D] + 

+ [{[A, B],C}, D] + {[[A, B],C],D} + {{{A, B}, C}, D} + 
+{[{A,B,},CID} + {{[A,B],C},D}). 

[A, B, C, D] = ^{[[[A, B],C],D] + [{{A, B},C},D] + 
+{[{A,B,},CiD} + {{[A,B].,C},D}). 

{A, B, C, D} = ^{[[{A, B}, C],D] + [{[A, B],C}, D] + 
+{[[A,B],CiD} + {{{A,B},C},D}. 

[a, b, c, d] = {a + b + c + d+l + (-l)a^'+ac+ad+bc+M+cd-)jnod4. 
{a, b, c, d} = {a + b + c + d+1- (-i)afe+ac+ad+fec+bd+cd)j^o^4^ 
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abed 

ABCD-- 



02 

W, if a + b + c + d- even; 

T3 

W, if a + b + c + d- odd. 



Remark. Formula (1311) displays quaternion type of product of any num- 
ber of Clifford algebra elements. Note that this formula doesn't present 
anything new since it follows from lemma [1]: 

k I k-l k-l+2 k+l m 

UV=W + W +...+ W, where 1^= for m>n or m < 0. 
Consider two Clifford algebra elements U, V of the given quaternion types 

1 k 1 k 

k, I respectively. Statement VUVU^ 02 is clear without method of quater- 
nion typification. But for similar expression we have 

k I 1 k _ 

UVVU^^ 0. 

It so, because UVVU = 1{[U,V,V,U] + {U,V,V,U}) = 1{U,V,V,U} and 
quaternion type of this expression is (see (l30l) ). 

So, now we are able to calculate quaternion type of product U1U2 ■ ■ ■ Uk 
of any number of Clifford algebra elements. We can use formula ( l3Ti ). But 
in some cases it's more sensible to calculate at first quaternion type of A;-fold 
commutator [Ui,U2, ■ ■ ■ ,Uk\ and fc-fold anticommutator {f/i, f/2, . . . , f/^}, 
and then take into account (l25l). 



Conclusion. The method of quaternion typification in his primary form [5] 
allowed us to find quaternion type of commutators and anticommutators of 
Clifford algebra elements with given quaternion types. In this paper we have 
improved the method. Now we know quaternion type of all expressions 

[U,, U2,..., Uk] = UiU2...Uk-Uk... U2U1, 

{[/i, U2,..., Uk} = U^U2...Uk + Uu... U2U,, 

and 

UiU2...Uk 

where A; > 1 - integer number. 
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